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Abstract
Region crossing change for a knot or a proper link is an unknotting operation. In this paper, we
provide a sharp upper bound on the region unknotting number for a large class of torus knots and
proper links. Also, we discuss conditions on torus links to be proper.
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1. Introduction
The unknotting number u(D) of a knot diagram D is the minimal number of crossing changes
required to unknot D and the unknotting number u(K) of a knot K is given by u(K) = inf{u(D) :
D is a knot diagram of K}. It is not easy to calculate u(K), because it is taken over an infi-
nite number of diagrams of K. Unknotting number lead to consider different types of unknotting
operations i.e., the local transformations on link diagrams which can transform the knot diagram
into a trivial knot diagram. It was shown that ]-operation [4], δ-operation [7], 3-gon operation [9],
H(n)-operation [11] and n-gon [10] operations are unknotting operations.
Recently, Ayaka Shimizu [2] proposed an unknotting operation for knots called region crossing
change. In this operation, K to be a knot and D be any diagram of K, then a region crossing
change at a region R of diagram D is defined to be the crossing changes at all the crossing points
on ∂R. The region unknotting number uR(D) of a knot diagram D is the minimal number of region
crossing changes required to transform D into a diagram of the trivial knot without Reidemeister
moves. The region unknotting number uR(K) of K is defined to be the minimal uR(D) taken over
all minimal diagrams D of K.
In general, for links, the region crossing change is not an unknotting operation. In [2], Ayaka
Shimizu considered the standrard diagram of Hopf link and showed that it cannot be transformed
into a diagram of trivial link by region crossing changes. In [8] and [12] Cheng Zhiyun defined a
link L = K1
⋃
K2
⋃ · · ·⋃Kn to be proper if for each i, 1 ≤ i ≤ n, ∑j 6=i lk(Ki,Kj) ≡ 0 (mod 2)
and proved that region crossing change on a link is an unknotting operation if and only if the link
is proper.
The region unknotting number is intuitive and attractive for knot theorists and it is not sur-
prising that there is no algorithm to compute it for a given knot or proper link at the moment.
In [2], [3], Ayaka Shimizu showed that for a twist knot K, uR(K) = 1 and for torus knots of type
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K(2, 4m ± 1), uR(K(2, 4m ± 1)) = m, where m ∈ Z+. As the unknotting number for torus knots
is already known [5], [6], it would be worth attempting to find the region unknotting number for
torus knots. In this paper, we discuss the condition for torus links to be proper and provide a sharp
upper bound for a large class of torus knots and proper torus links, including all 2−, 3−, 4−, 5−, 6−
and 7−braid torus knots/links.
In Section 2, we discuss the condition for torus links to be proper. In Section 3, we discuss basic
results, depending on elementary braid relations, which helps to provide a sharp upper bound for
region unknotting number for torus links. In Section 4, we provide a sharp upper bound for region
unknotting number of K(p, np+ a) torus knots/links, where a = 1, 2, 3, 4,−1,−2, and partially for
K(p, np+ 5) type of torus links.
2. Conditions for torus link to be proper
In [12], Cheng Zhiyun showed that, region crossing change is an unknotting operation on a
link L = K1
⋃
K2
⋃ · · ·⋃Kn if and only if ∑j 6=i lk(Ki,Kj) ≡ 0 (mod 2) for each 1 ≤ i ≤ n. If
gcd(p, q) = d, we use the notation K(p, q) = K1
⋃
K2
⋃ · · ·⋃Kd, where each Ki is a component of
K(p, q). To provide the condition for torus links to be proper, we consider the diagram for K(p, q) as
a closure of toric braid (σ1σ2 · · ·σp−1)q. Also, we denote
n∑
i=1
i by
∑
n. Given a d-component torus
link K(p, q), the number of crossings between any two components is same i.e., for i 6= j, l 6= m,
](Ki
⋂
Kj) = ](Kl
⋂
Km). Also, it is worth noting that, for i 6= j, lk(Ki,Kj) = 12](Ki
⋂
Kj).
Theorem 2.1. A torus link K(p, q) is proper iff
pq(d− 1)
d2
≡ 0(mod 2),
where: d=gcd(p,q).
Proof. Consider a d-component torus link K(p, q). Since we are considering K(p, q) as a clo-
sure of toric braid (σ1σ2 · · ·σp−1)q, each component Ki contains p/d strands. For each bracket
(σ1σ2 · · ·σp−1), there exists only one i such that ](Ki
⋂
Ki) = (
p
d − 1). Hence the total number of
self-intersections is
d∑
i=1
]
(
Ki
⋂
Ki
)
= q
(p
d
− 1
)
.
Since,
∑
i 6=j
](Ki
⋂
Kj) = total no of crossings−
d∑
i=1
](Ki
⋂
Ki),
we have ∑
i 6=j
](Ki
⋂
Kj) =
pq(d− 1)
d
. (1)
Because ](Ki
⋂
Kj) = ](Kl
⋂
Km), for any i 6= j, l 6= m, we have∑
i 6=j
](Ki
⋂
Kj) =
(d− 1)d
2
(
](K1
⋂
K2)
)
. (2)
2
Thus, from (1) and (2), for any i 6= j
](Ki
⋂
Kj) =
2pq
d2
.
Since all crossings in K(p, q) are positive, for fixed n∑
j 6=n
lk(Kn,Kj) =
1
2
∑
j 6=n
](Kn
⋂
Kj)
=
1
2
(d− 1)
(
](Ki
⋂
Kj)
)
=
pq(d− 1)
d2
.
Hence, a torus link K(p, q), where d=gcd(p,q), is proper iff
pq(d− 1)
d2
≡ 0(mod 2). 
Corollary 2.1. Let K(p, q) be any d-componant torus link where p = 2mk and q = 2nk′, where
m and n are the highest powers of 2 in p and q, respectively. Then K(p, q) is proper iff either
m = n = 0 or m 6= n.
3. Preliminaries
To find the sharp upper bounds on the region unknotting number of torus links, we use the
following:
Theorem 3.1. ([1], Theorem 3.1) For every p, the p-braid
σ1σ2 · · ·σp−1︸ ︷︷ ︸
1
σ1σ2 · · ·σp−2σ−1p−1︸ ︷︷ ︸
2
σ1σ2 · · ·σ−1p−2σ−1p−1︸ ︷︷ ︸
3
· · ·σ−11 σ−22 · · ·σ−1p−1︸ ︷︷ ︸
p
is a trivial p-braid.
Remark 1. Using Theorem 3.1, we observe the following:
(i) For every p, the p-braid
σ−11 σ
−2
2 · · ·σ−1p−1︸ ︷︷ ︸
1
σ−11 σ
−2
2 · · ·σ−1p−2σp−1︸ ︷︷ ︸
2
· · ·σ−11 σ2 · · ·σp−1︸ ︷︷ ︸
p−1
σ1σ2 · · ·σp−1︸ ︷︷ ︸
p
is a trivial p-braid.
(ii) The closure of n+ 1 braids
σ1σ2 · · ·σn−1σ−1n︸ ︷︷ ︸
1
σ1σ2 · · ·σ−1n−1σ−1n︸ ︷︷ ︸
2
· · ·σ−11 σ−12 · · ·σ−1n︸ ︷︷ ︸
n
and
σ1σ2 · · ·σn−1σn︸ ︷︷ ︸
1
σ1σ2 · · ·σn−1σ−1n︸ ︷︷ ︸
2
· · ·σ1σ−12 · · ·σ−1n︸ ︷︷ ︸
n
are trivial links.
3
Lemma 3.1. For every p and a, where p > a, the p-braid
η1κp−1︸ ︷︷ ︸
1
η2κp−2σ−1p−1︸ ︷︷ ︸
2
· · · ηa−1κp−a+1σ−1p−a+2 · · ·σ−1p−1︸ ︷︷ ︸
a−1
ηaσ
−1
p−a+1 · · ·σ−1p−1︸ ︷︷ ︸
a
is Markov equivalent of η′1η′2 · · · η′a,
where η′i = σ
gi,1
1 σ
gi,2
2 · · ·σgi,p−a−1p−a−1 , ηi = η′iσgi,p−ap−a with gi,j = ±1, for i = 1, 2, . . . , a; j = 1, 2, . . . , p− a
and κj = σp−a+1σp−a+2 · · ·σj.
Proof. Using fundamental braid relations, we observe that
η1κp−1︸ ︷︷ ︸
1
η2κp−2σ−1p−1︸ ︷︷ ︸
2
· · · ηa−1κp−a+1σ−1p−a+2 · · ·σ−1p−1︸ ︷︷ ︸
a−1
ηaσ
−1
p−a+1 · · ·σ−1p−1︸ ︷︷ ︸
a
∼M η′1σg1,p−ap−a κp−1︸ ︷︷ ︸
1
η′2σ
g2,p−a
p−a κp−2σ
−1
p−1︸ ︷︷ ︸
2
· · · η′aσga,p−ap−a σ−1p−a+1 · · ·σ−1p−1︸ ︷︷ ︸
a
∼M η′1σg1,p−ap−a κp−2︸ ︷︷ ︸
1
η′2σ
g2,p−a
p−a κp−3σ
−1
p−2︸ ︷︷ ︸
2
σp−1σp−2 · · · η′aσga,p−ap−a σ−1p−a+1 · · ·σ−1p−1︸ ︷︷ ︸
a
...
∼M η′1σg1,p−ap−a κp−2︸ ︷︷ ︸
1
η′2σ
g2,p−a
p−a κp−3σ
−1
p−2︸ ︷︷ ︸
2
· · · η′aσ−1p−a · · ·σ−1p−2︸ ︷︷ ︸
a
σ
ga,p−a
p−1 σp−2 · · ·σp−a
∼M η′1σg1,p−ap−a κp−2︸ ︷︷ ︸
1
η′2σ
g2,p−a
p−a κp−3σ
−1
p−2︸ ︷︷ ︸
2
· · · η′a−1σga−1,p−ap−a σ−1p−a+1σ−1p−a+2 · · ·σ−1p−2︸ ︷︷ ︸
a−1
η′a.
Continuing the same procedure after a− 2 steps, we obtain
∼M η′1σg1,p−ap−a κp−3︸ ︷︷ ︸
1
η′2σ
g2,p−a
p−a κp−4σ
−1
p−3︸ ︷︷ ︸
2
· · · η′a−2σga−2,p−ap−a σ−1p−a+1 · · ·σ−1p−3︸ ︷︷ ︸
a−2
η′a−1η
′
a.
After
∑
(a− 3) steps, this p-braid is Markov equivalent of η′1η′2 · · · η′a. 
Lemma 3.2. For any two even numbers p and q with p > q,
η1κ1η2κ2 · · · ηqκq ∼M η′1η′2 · · · η′q,
where ηi = η
′
iσ
gi,p−q
p−q and η′i = σ
gi,1
1 σ
gi,2
2 · · ·σgi,p−q−1p−q−1 ; and κi = σ−1p−q+1σ−1p−q+2 · · ·σ−1p−iσp−i+1 · · ·σp−1
with gi,j = ±1 for i = 1, 2, · · · , q and j = 1, 2, · · · , p− q.
Proof. Using fundamental braid relations we observe that
η1σ
−1
p−q+1 · · ·σ−1p−1︸ ︷︷ ︸
1
η2σ
−1
p−q+1 · · ·σ−1p−2σp−1︸ ︷︷ ︸
2
· · · ηqσp−q+1 · · ·σp−1︸ ︷︷ ︸
q
∼M η1σ−1p−q+1 · · ·σ−1p−2︸ ︷︷ ︸
1
η2σ
−1
p−q+1 · · ·σ−1p−3σp−2︸ ︷︷ ︸
2
σ−1p−1σ
−1
p−2 · · · ηqσp−q+1 · · ·σp−1︸ ︷︷ ︸
q
...
∼M η1σ−1p−q+1 · · ·σ−1p−2︸ ︷︷ ︸
1
η2σ
−1
p−q+1 · · ·σ−1p−3σp−2︸ ︷︷ ︸
2
· · · η′qσp−q · · ·σp−2︸ ︷︷ ︸
q
σ−1p−1σ
−1
p−2 · · ·σ−1p−q
∼M η1σ−1p−q+1 · · ·σ−1p−2︸ ︷︷ ︸
1
η2σ
−1
p−q+1 · · ·σ−1p−3σp−2︸ ︷︷ ︸
2
· · · ηq−1σp−q+1 · · ·σp−2︸ ︷︷ ︸
q−1
η′q.
4
Continuing the same procedure after q − 2 steps, we obtain
∼M η1σ−1p−q+1 · · ·σ−1p−3︸ ︷︷ ︸
1
η2σ
−1
p−q+1 · · ·σ−1p−4σp−3︸ ︷︷ ︸
2
· · · ηq−2σp−q+1 · · ·σp−3︸ ︷︷ ︸
q−1
η′q−1ηq.
After
∑
(q − 3) similar steps, this p-braid is Markov equivalent of η′1η′2 · · · η′q. 
Lemma 3.3. Let βj = σ
gj,1
1 σ
gj,2
2 · · ·σgj,p−5p−5 , where gj,k = ±1, 1 ≤ j ≤ 2. Then
β1σ
g1,p−4
p−4 σp−3σp−2σ
−1
p−1β2σ
g2,p−4
p−4 σp−3σ
−1
p−2σ
−1
p−1 ∼M β1β2.
Proof. Consider that
L.H.S ∼M β1σg1,p−4p−4 σp−3σp−2β2σg2,p−4p−4 σp−3σ−1p−2σ−1p−1σ−1p−2
∼M β1σg1,p−4p−4 σp−3β2σg2,p−4p−4 σ−1p−3σ−1p−3σp−2σp−3
∼M β1σg1,p−4p−4 β2σ−1p−4σg2,p−4p−3 σp−4
∼M β1β2.
Lemma 3.4. If p(≥ 4) ≡ 0 or ±2 (mod 6), then the closure of σ−11 σ−12 · · ·σ−1p−1σg2,11 σg2,22 · · ·σg2,p−1p−1
σ
g3,1
1 σ
g3,2
2 · · ·σg3,p−1p−1 , is a trivial link. Here
g2,j = −1 for j ∈ {p− 2, p− 3, p− 8, p− 9, · · · , p− 2− 6(bp+26 c − 1), p− 3− 6(bp−46 c)},
g3,j = −1 for j ∈ {p− 3, p− 4, p− 9, p− 10, · · · , p− 3− 6(bp+26 c − 1), p− 4− 6(bp−46 c)}.
Proof. By using fundamental braid relations, we obeserve that the p-braid σ−11 σ
−1
2 · · ·σ−1p−1σg2,11
σ
g2,2
2 · · ·σg2,p−1p−1 σg3,11 σg3,22 · · ·σg3,p−1p−1 is Markov equivalent of
Case 1. If p ≡ 0 (mod 6),
σ−11 σ
−1
2 · · ·σ−1p−2︸ ︷︷ ︸
1
σ1σ2 · · ·σ−1p−3σp−2︸ ︷︷ ︸
2
σ1σ
−1
2 · · ·σp−3σp−2︸ ︷︷ ︸
3
σ−1p−1σ
−1
p−2σ
−1
p−3
∼M σ−11 σ−12 · · ·σ−1p−3︸ ︷︷ ︸
1
σ1σ2σ
−1
3 · · ·σp−4σp−3︸ ︷︷ ︸
2
σ−1p−2σ
−1
p−3 σ1σ
−1
2 · · ·σ−1p−4︸ ︷︷ ︸
3
∼M σ−11 σ−12 · · ·σ−1p−4︸ ︷︷ ︸
1
σ1σ2 · · ·σp−4︸ ︷︷ ︸
2
σ1σ
−1
2 · · ·σ−1p−9σp−8 · · ·σp−5σ−1p−4︸ ︷︷ ︸
3
∼M σ−11 σ−12 · · ·σ−1p−5︸ ︷︷ ︸
1
σ1σ2σ
−1
3 · · ·σp−5︸ ︷︷ ︸
2
σ1σ
−1
2 · · ·σp−7σp−6σ−1p−5︸ ︷︷ ︸
3
σp−4σp−5σ−1p−6
∼M σ−11 σ−12 · · ·σ−1p−6︸ ︷︷ ︸
1
σ1σ2σ
−1
3 · · ·σp−7σp−6︸ ︷︷ ︸
2
σp−5σ−1p−6 σ1σ
−1
2 · · ·σp−8σp−7︸ ︷︷ ︸
3
∼M σ−11 σ−12 · · ·σ−1p−7︸ ︷︷ ︸
1
σ1σ2 · · ·σ−1p−9σ−1p−8σp−7︸ ︷︷ ︸
2
σ1σ
−1
2 · · ·σ−1p−10σ−1p−9σp−8σp−7︸ ︷︷ ︸
3
...
∼M σ−11 σ−12 σ−13 σ−14 σ−15 σ1σ2σ−13 σ−14 σ5σ1σ−12 σ−13 σ4σ5.
Case 2. If p ≡ 2 (mod 6), then
σ−11 σ
−1
2 σ
−1
3 σ
−1
4 σ
−1
5 σ
−1
6 σ
−1
7 σ1σ2σ3σ4σ
−1
5 σ
−1
6 σ7σ1σ2σ3σ
−1
4 σ
−1
5 σ6σ7.
5
Case 3. If p ≡ −2 (mod 6), then
σ−11 σ
−1
2 σ
−1
3 σ
−1
1 σ
−1
2 σ3σ
−1
1 σ2σ3.
It is easy to observe that closures of these braids are trivial links. 
Lemma 3.5. The closure of the braids
σiσi+1 · · ·σjσ−1i σ−1i+1 · · ·σ−1j ; if i ≤ j
and
σiσi−1 · · ·σjσ−1i σ−1i−1 · · ·σ−1j ; if i ≥ j
are trivial links.
Proof. The proof directly follows from the elementary braid relations.
Remark 2. If we take i = 1 and j = n in Lemma 3.5, then the closures of n+ 1-braids
σ1σ2 · · ·σnσ−11 σ−12 · · ·σ−1n
and
σ−11 σ
−1
2 · · ·σ−1n σ1σ2 · · ·σn
are trivial links.
4. Sharp upper bound for region unknotting number of torus knots
Let K be any knot/link and c(K) be the crossings number of k. Then by [2], the trivial upper
bound for region unknotting number of knot/link K is uR(K) = (c(K) + 2)/2. In case of torus
knots/links K(p, q), this trivial upper bound is uR(K) = ((p− 1)q + 2)/2.
In most cases, to find a sharp upper bound for region unknotting number of torus links K(p, q)
with p < q, we consider K(p, q) as a closure of (σ1σ2 · · ·σp−1)q. In particular, we consider the
diagram and mark the regions as shown in Figure 1(a). Another diagram we consider for K(p, q)
where (q=np+4), is the closure of the braid (σ1σ2 · · ·σp−1)np(σ1σ2 · · ·σ3)a σ4σ3 · · ·σ1︸ ︷︷ ︸σ5σ4 · · ·σ2︸ ︷︷ ︸ · · ·
· · ·σp−1σp−2 · · ·σp−4︸ ︷︷ ︸ as shown in Figure 1(b), where c and c′ are crossing numbers of K(p, np+ 4)
and K(p, np), respectively.
Let Xi = {2i(p−1), 2i(p−1)−2, · · · , 2i(p−1)−2(i−1)} be the set of i regions in (σ1σ2 · · ·σp−1)q.
We use X
′s
i to identify the selected regions throughout the paper.
Theorem 4.1. For a torus link K(p, q), where q = np or np+ 1, we obtain the following:
1. If p is odd, then
uR(K(p, q)) ≤ n(p
2 − 1)
8
.
2. If p is even and n is odd, then K(p, np) is not proper and
uR(K(p, np+ 1)) ≤ np
2 + 2p
8
.
6
12
3
5
6
7
8 4
.
.
.
.
.
.
41
43 44
42
(a) (b)
16
17
18
10
11
12
15
13
14
19 2120 22 23 24
K(7,7n)
.
.
c `
c `
c `
c-1`
+1
+2
+3+4
+5
+6+7
+8
+9
c `c `
c `
c `
c `
c `
c `c ` c `c `
c `
c `
c `
c ` c ` c `
c ` c ` c `
c `
c `
c `
+
+
+ +
++
+
+
+ + +
+
+
+
+
c+1 c+2
Figure 1: Minimal diagrams for (a) K(7, 7) ; (b) K(7, 7n+ 4)
3. If both p and n are even, then
uR(K(p, q)) ≤ np
2
8
.
Proof. Consider K(p, q) as the closure of (σ1σ2 · · ·σp−1)q, as shown in Figure 1(a). Then,
Case 1. If p is odd, then we select {(i− 1)(p− 1)p+ {X1, X2, · · · , X p−1
2
}}ni=1 regions so that after
making region crossing change on these regions, we obtain
(µ1µ2 · · ·µp)n; ifq = np,
(µ1µ2 · · ·µp)nµ1; ifq = np+ 1
where µi = σ1σ2 · · ·σp−iσ−1p−i+1σ−1p−i+2 · · ·σ−1p−1. But (µ1µ2 · · ·µp)n is a trivial p-braid by Theorem
3.1. Hence, the closure of the resultant braid is a trivial link.
Observe that the number of region crossing changes is equal to n
∑
(p−12 ) =
n(p2−1)
8 . So
uR(K(p, np)) ≤ n(p
2 − 1)
8
.
Case 2. If p is even and n is odd, then that K(p, np) is not proper follows from Theorem 2.1 and
for K(p, np+ 1) we select the regions {(i− 1)(p− 1)2p+ {X1, X2, · · · , X p
2
, ((p− 1)(2p− 1) + 1)−
{X1, X2, · · · , X p−2
2
}}}
n−1
2
i=1 , (n− 1)p(p− 1) + {X1, X2, · · · , X p2 }. Then, after making region crossing
change on these regions, we obtain
(µ1µ2 · · ·µpν1ν2 · · · νp)
n−1
2 µ1µ2 · · ·µp−1µpµp
where µi = σ1σ2 · · ·σp−iσ−1p−i+1σ−1p−i+2 · · ·σ−1p−1 and νi = σ−11 σ−12 · · ·σ−1p−iσp−i+1 · · ·σp−1. Note that νi
is a mirror image of µi. Observe that µ1µ2 · · ·µp and ν1ν2 · · · νp are trivial p-braids by Theorem 3.1
and Remark 1. Hence, the closure of the resultant braid is a trivial link.
7
1 2 q-1 q
q+1
q+2
1 2 q-1
q+1
q+2
q
Figure 2: Minimal diagrams for K(2, q)
Observe that the number of region crossing changes is equal to (n−1)2 (
∑ p
2 +
∑ p−2
2 ) +
∑ p
2 =
np2+2p
8 . Thus,
uR(K(p, np+ 1)) ≤ np
2 + 2p
8
.
Case 3. If both p and n are even, then we select {(i− 1)(p− 1)2p+ {X1, X2, · · · , X p
2
, ((p− 1)(2p−
1) + 1) − {X1, X2, · · · , X p−2
2
}}}
n
2
i=1 regions so that after making region crossing change on these
regions, we obtain
(µ1µ2 · · ·µpν1ν2 · · · νp)n2 ; ifq = np,
(µ1µ2 · · ·µpν1ν2 · · · νp)n2 µ1; ifq = np+ 1
where µi = σ1σ2 · · ·σp−iσ−1p−i+1σ−1p−i+2 · · ·σ−1p−1 and νi = σ−11 σ−12 · · ·σ−1p−iσp−i+1 · · ·σp−1. So by The-
orem 3.1 and Remark 1, the closure of the resultant braid is a trivial link.
Observe that the number of region crossing changes is equal to n2 (
∑ p
2 +
∑ p−2
2 ) =
np2
8 . Thus
uR(K(p, np)) ≤ np
2
8
. 
Observe that the unknotting number of K(p, np) and K(p, np + 1) are identical. Also, the
number of crossing changes due to the region crossing changes prescribed in Theorem 4.1 for proper
K(p, np) and K(p, np+ 1) torus links is equal to the unknotting number for K(p, np).
Remark 3. Consider a proper K(2, q) torus knot/link then, the only possible minimal diagrams
for K(2, q) are the closures of σq1, as shown in Figure 2. In any case, the region crossing change at
(q+ 1)th or (q+ 2)th region provides us the mirror image of K(2, q). The region crossing change at
any other region provides us K(2, q − 4). Hence, it is easy to observe that uR(K(2, q)) = b q+24 c.
Theorem 4.2. For torus links K(p, np + a), where a is odd and p ≡ 0 or ± 1 (mod a), n ≥ 1.
Then, we obtain the following:
1. If p is odd, then
uR(K(p, np+ a)) ≤ n(p
2 − 1)
8
+
⌊
p+ 1
a
⌋(
a2 − 1
8
)
.
2. If both p and n are even, then
uR(K(p, np+ a)) ≤ np
2
8
+
⌊
p+ 1
a
⌋(
a2 − 1
8
)
.
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Proof. Consider K(p, np+ a) as the closure of (σ1σ2 · · ·σp−1)np+a as in Figure 1(a). Then,
Case 1. If p is odd, then we select {{(i − 1)(p − 1)p + {X1, X2, · · · , X p−1
2
}}ni=1, {(np(p − 1) −
ja) + {X1, X2, · · · , Xa−1
2
}}b
p+1
a
c−1
j=0 } regions so that after making region crossing changes at these
regions, the closure of the resultant braid is a trivial link by Theorem 4.1, Remark 1 and Lemma 3.1.
Observe that the number of the regions selected is n
∑ p−1
2 + bp+1a c
∑ a−1
2 =
n(p2−1)
8 + bp+1a ca
2−1
8 .
Thus,
uR(K(p, np+ a)) ≤ n(p
2 − 1)
8
+
⌊
p+ 1
a
⌋(
a2 − 1
8
)
.
Case 2. If both p and n are even, then we select {{(i−1)(p−1)2p+{X1, X2, · · · , X p
2
, ((p−1)(2p−
1)+1)−{X1, X2, · · · , X p−2
2
}}}
n
2
i=1, {(np(p−1)− ja)+{X1, X2, · · · , Xa−1
2
}}b
p+1
a
c−1
j=0 } regions so that
after making region crossing changes at these regions, the closure of the resultant braid is a trivial
link by Theorem 4.1, Remark 1 and Lemma 3.1. Observe that the number of regions selected is
n
2 (
∑ p
2 +
∑ p−2
2 ) + bp+1a c
∑ a−1
2 =
np2
8 + bp+1a ca
2−1
8 . Thus,
uR(K(p, np+ a)) ≤ np
2
8
+
⌊
p+ 1
a
⌋(
a2 − 1
8
)
. 
Theorem 4.3. For torus links K(p, np+ a), where a is odd and p ≡ 2 (mod a), n ≥ 1, we obtain
the following:
1. If p is odd, then
uR(K(p, np+ a)) ≤ n(p
2 − 1)
8
+
p− 2
a
(
a2 − 1
8
)
+
⌊
a+ 2
4
⌋
.
2. If both p and n are even, then
uR(K(p, np+ a)) ≤ np
2
8
+
p− 2
a
(
a2 − 1
8
)
+
⌊
a+ 2
4
⌋
.
Proof. Consider K(p, np+ a) as the closure of (σ1σ2 · · ·σp−1)np+a as in Figure 1(a). Then,
Case 1. If both p and a are odd, then ∃ m ∈ N∪{0} such that a = 4m±1. We select {{(i−1)(p−
1)p+{X1, X2, · · · , X p−1
2
}}ni=1, {(np(p−1)− ja) +{X1, X2, · · · , Xa−1
2
}}
p−2
a
−1
j=0 , {(np+ 1)(p−1) + 1 +
4k(p − 1)}m−1k=0 } regions so that after making region crossing changes at these regions, the closure
of the resultant braid is a trivial link by Theorem 4.1 and Lemma 3.1. Observe that the number of
selected regions is n
∑ p−1
2 +
p−2
a
∑ a−1
2 +m = n
p2−1
8 +
p−2
a (
a2−1
8 ) + ba+24 c. Thus,
uR(K(p, np+ a)) ≤ n(p
2 − 1)
8
+
p− 2
a
(
a2 − 1
8
)
+
⌊
a+ 2
4
⌋
.
Case 2. If both p and n are even and a is odd, then ∃ m ∈ N∪{0} such that a = 4m±1. We select
{{(i−1)(p−1)2p+{X1, X2, · · · , X p
2
, ((p−1)(2p−1)+1)−{X1, X2, · · · , X p−2
2
}}}
n
2
i=1, {(np(p−1)−ja)+
{X1, X2, · · · , Xa−1
2
}}
p−2
a
−1
j=0 , {(np+1)(p−1)+1+4k(p−1)}m−1k=0 } regions so that after making region
crossing changes at these regions, the closure of the resultant braid is a trivial link by Theorem 4.1
and Lemma 3.1. Observe that the number of selected regions is n2 (
∑ p
2 +
∑ p−2
2 )+
p−2
a
∑ a−1
2 +m =
np
2
8 +
p−2
a (
a2−1
8 ) + ba+24 c. Thus,
uR(K(p, np+ a)) ≤ np
2
8
+
p− 2
a
(
a2 − 1
8
)
+
⌊
a+ 2
4
⌋
. 
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Theorem 4.4. For torus links K(p, np+a) where a is even, n is odd and p ≡ 0 (mod a), we obtain
the following:
uR(K(p, np+ a)) ≤ np
2 + ap
8
.
Proof. Consider K(p, np + a) as the closure of (σ1σ2 · · ·σp−1)np+a as in Figure 1(a). Then, we
select {{(i− 1)(p− 1)2p+ {X1, X2, · · · , X p
2
, ((p− 1)(2p− 1) + 1)− {X1, X2, · · · , X p−2
2
}}}
n−1
2
i=1 , (n−
1)p(p − 1) + {X1, X2, · · · , X p
2
, {ja + (p + a − 1)(p − 1) + 1 − {X1, X2, · · · , Xa−2
2
}}
p
a
−1
j=1 }} regions
so that after making region crossing changes at these regions, the closure of the resultant braid
is a trivial link by Theorem 4.1 and Lemma 3.2. Observe that the number of regions selected is
n−1
2
(∑
(p2) +
∑
(p−22 )
)
+
∑
(p2) +
p
a
∑
(a−22 ) =
(n−1)p2
8 +
p(p+2)
8 +
p
a
(
a(a−2)
8
)
. Thus,
uR(K(p, np+ a)) ≤ np
2 + ap
8
. 
Theorem 4.5. For torus links K(p, np− 1) with n ≥ 2
1. If p is odd, then
uR(K(p, np− 1)) ≤ n(p
2 − 1)
8
.
2. If p is even and n is odd, then
uR(K(p, np− 1)) ≤ np
2 − 2p
8
.
3. If both p and n are even, then
uR(K(p, np− 1)) ≤ np
2
8
.
Proof. Consider K(p, np− 1) as the closure of (σ1σ2 · · ·σp−1)np−1 as in Figure 1(a). Then,
Case 1. If p is odd, then we select the regions {(i − 1)(p − 1)p + {X1, X2, · · · , X p−1
2
}}n−1i=1 , ((n −
1)p− 1)(p− 1) + {X1, X2, · · · , X p−1
2
} so that after making region crossing change on these regions,
we obtain
(µ1µ2 · · ·µp)n−1µ2µ3 · · ·µp
where µi = σ1σ2 · · ·σp−iσ−1p−i+1σ−1p−i+2 · · ·σ−1p−1. By Theorem 3.1 and Remark 1, the closure of
(µ1µ2 · · ·µp)n−1µ2µ3 · · ·µp is a trivial knot.
Observe that number of crossing changes is (n− 1)∑ p−12 +∑ p−12 = n(p2−1)8 . Thus,
uR(K(p, np+ 1)) ≤ n(p
2 − 1)
8
Case 2. If p is even and n is odd, then we write K(p, np − 1) = K(p, (n − 1)p + (p − 1)), where
both p and n− 1 are even. This result follows from Theorem 4.2.
Case 3. If both p and n are even, we select the regions same as we selected for K(p, np) in Theorem
4.1. After making region crossing changes on selected regions, we are left with
(µ1µ2 · · ·µpν1ν2 · · · νp)
n−2
2 µ1µ2 · · ·µpν1ν2 · · · νp−1.
By Theorem 3.1, Remark 1 and Lemma 3.1, its closure is unknot. Observe that the number of
region crossing changes is n
(
p2
8
)
. Thus,
uR(K(p, np)) ≤ np
2
8
. 
10
Theorem 4.6. For torus links K(p, np+ 2) with n ≥ 1
1. If p is odd, then
uR(K(p, np+ 2)) ≤ n(p
2 − 1)
8
+
⌊
p+ 1
4
⌋
.
2. If p is even and n is odd, then
uR(K(p, np+ 2)) ≤ np
2 + 2p
8
.
3. If both p and n are even, then
(a) if p = 4m+ 2 for some m, then K(p, np+ 2) is not proper.
(b) if p = 4m for some m, then
uR(K(p, np+ 2)) ≤ np
2 + 2p
8
.
Proof. Consider K(p, np+ 2) as the closure of (σ1σ2 · · ·σp−1)np+2 as in Figure 1(a). Then,
Case 1. If p is odd then ∃ m ∈ N ∪ {0} such that p = 4m ± 1. We select {(i − 1)(p − 1)p +
{X1, X2, · · · , X p−1
2
}}ni=1, {(np + 1)(p − 1) − 4j}m−1j=0 regions so that after making region crossing
change on these regions, we obtain by Theorem 3.1 and Lemma 3.3 that
σ1σ2σ3σ
−1
4 σ1σ2σ
−1
3 σ
−1
4 ; if p = 4m+ 1,
σ1σ
−1
2 σ
−1
1 σ
−1
2 ; if p = 4m− 1.
We observe that the closure of these braids are trivial links.
Observe that the number of region crossing changes is n
∑
(p−12 ) +m = n(
p2−1
8 ) + bp+14 c. Thus,
uR(K(p, np+ 2)) ≤ n(p
2 − 1)
8
+
⌊
p+ 1
4
⌋
.
Case 2. If p is even and n is odd, then by Theorem 4.4:
uR(K(p, np+ 2)) ≤ np
2 + 2p
8
.
Case 3. If both p and n are even and p ≡ 0 (mod 4), then we select the regions {(i− 1)(p− 1)2p+
{X1, X2, · · · , X p
2
, ((p− 1)(2p− 1) + 1)−{X1, X2, · · · , X p−2
2
}}}
n
2
i=1, {(np+ 1)(p− 1)− 4j}
p
4
−1
j=0 so that
by Theorem 3.1 and Lemma 3.3, after making region crossing change on these regions, we obtain
σ1σ2σ
−1
3 σ1σ
−1
2 σ
−1
3 .
We observe that the closure of this braid is a trivial link. Also, the number of region crossing
changes is n2
(∑ p
2 +
∑ p−2
2
)
+ p4 = n(
p2
8 ) +
p
4 . Thus,
uR(K(p, np+ 2)) ≤ np
2 + 2p
8
.
But if p ≡ 2 (mod 4), then it follows from Theorem 2.1 that K(p, np+ 2) is not proper. 
Theorem 4.7. Consider torus links K(p, np+a) where a is odd and p ≡ −2 (mod a), n ≥ 1. Then
we obtain the following:
11
1. If p is odd, then
uR(K(p, np+ a)) ≤ n(p
2 − 1)
8
+
(
p+ 2
a
− 1
)(
a2 − 1
8
)
+
(a− 2)2 − 1
8
+
⌊a
4
⌋
.
2. If both p and n are even, then
uR(K(p, np+ a)) ≤ np
2
8
+
(
p+ 2
a
− 1
)(
a2 − 1
8
)
+
(a− 2)2 − 1
8
+
⌊a
4
⌋
.
Proof. Consider K(p, np+ a) as the closure of (σ1σ2 · · ·σp−1)np+a as in Figure 1(a). Then,
Case 1. If p is odd, then we select {{(i− 1)(p− 1)p+ {X1, X2, · · · , X p−1
2
}}ni=1, {(np(p− 1)− ja) +
{X1, X2, · · · , Xa−1
2
}}
p+2
a
−2
j=0 , {(np(p− 1)− (p+2a − 1)a) + {X1, X2, · · · , Xa−32 }}, {(np+ a− 2)(p− 1) +
(a − 3) − 4l}b
a
4
c
l=0 regions so that after making region crossing changes at these regions, the closure
of the resultant braid is a trivial link by Theorem 4.1, Lemma 3.1 and Theorem 4.6. Observe that
the number of selected regions is n
∑
(p−12 ) +
(
p+2
a − 1
) (∑
(a−12 )
)
+
∑
(a−32 ) + ba4c = n(p
2−1)
8 +(
p+2
a − 1
)(
a2−1
8
)
+ (a−2)
2−1
8 + ba4c. Thus,
uR(K(p, np+ a)) ≤ n(p
2 − 1)
8
+
(
p+ 2
a
− 1
)(
a2 − 1
8
)
+
(a− 2)2 − 1
8
+
⌊a
4
⌋
.
Case 2. If both p and n are even, then we select {{(i − 1)(p − 1)2p + {X1, X2, · · · , X p
2
, ((p −
1)(2p− 1) + 1)−{X1, X2, · · · , X p−2
2
}}}
n
2
i=1, {(np(p− 1)− ja) + {X1, X2, · · · , Xa−1
2
}}
p+2
a
−2
j=0 , {(np(p−
1) − (p+2a − 1)a) + {X1, X2, · · · , Xa−32 }}, {(np + a − 2)(p − 1) + (a − 3) − 4l}
ba
4
c
l=0 regions so that
after making region crossing changes at these regions, the closure of the resultant braid is a trivial
link by Theorem 4.1, Lemma 3.1 and Theorem 4.6. Observe that the number of selected regions is
n
2
(∑ p
2 +
∑ p−2
2
)
+
(
p+2
a − 1
) (∑
(a−12 )
)
+
∑
(a−32 )+ba4c = np
2
8 +
(
p+2
a − 1
)(
a2−1
8
)
+ (a−2)
2−1
8 +ba4c.
Thus,
uR(K(p, np+ a)) ≤ np
2
8
+
(
p+ 2
a
− 1
)(
a2 − 1
8
)
+
(a− 2)2 − 1
8
+
⌊a
4
⌋
. 
Theorem 4.8. For torus links K(p, np− 2) with n ≥ 2, we obtain the following
1. If p is odd, then
uR(K(p, np− 2)) ≤ n(p
2 − 1)
8
− p− 1
2
+
⌊p
4
⌋
.
2. If p is even and n is odd, then
uR(K(p, np− 2)) ≤ np
2 − 2p
8
.
3. If both p and n are even, then
(a) if p ≡ 2 (mod 4), then K(p, np− 2) is not proper.
(b) if p ≡ 0 (mod 4), then
uR(K(p, np− 2)) ≤ np
2 − 2p
8
.
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Proof. Consider K(p, np− 2) as the closure of (σ1σ2 · · ·σp−1)np−2 as in Figure 1(a). Then
Case 1. If p is odd, then result hold by Theorem 4.3.
Case 2. If p is even and n is odd, then select the regions {(i− 1)(p− 1)2p+ {X1, X2, · · · , X p
2
, ((p−
1)(2p− 1) + 1)−{X1, X2, · · · , X p−2
2
}}}
n−1
2
i=1 , ((n− 1)p− 1)(p− 1) + {X1, X2, · · · , X p−2
2
}. Then after
making region crossing change on these regions, we obtain
(µ1µ2 · · ·µpν1ν2 · · · νp)
n−1
2 µ2µ3 · · ·µp−1
where µi = σ1σ2 · · ·σp−iσ−1p−i+1σ−1p−i+2 · · ·σ−1p−1 and νi = σ−11 σ−12 · · ·σ−1p−iσp−i+1 · · ·σp−1. By Theorem
3.1, Remark 1 and Lemma 3.5, the closure of resultant braid is a trivial link.
Observe that the number of region crossing changes is equal to (n−1)2 (
∑ p
2 +
∑ p−2
2 )+
∑
(p−22 ) =
np2−2p
8 . Thus,
uR(K(p, np+ 1)) ≤ np
2 − 2p
8
.
Case 3. If both p and n are even, then
1. if p = 4m+ 2 for some m, then it is clear from Theorem 2.1 that K(p, np− 2) is not proper.
2. if p = 4m for some m, then we select the regions {(i − 1)(p − 1)2p + {X1, X2, · · · , X p
2
, ((p −
1)(2p−1)+1)−{X1, X2, · · · , X p−2
2
}}}
n−2
2
i=1 , (n−2)p(p−1)+{X1, X2, · · · , X p2 , (2p−3)(p−1)+
2− {X1, X2, · · · , X p−4
2
}, {(p+ 2 + 4i)(p− 1) + 1}m−2i=0 }. After making region crossing changes
on selected regions, we are left with
(µ1µ2 · · ·µpν1ν2 · · · νp)
n−2
2 µ1µ2 · · ·µpβ
where β = β1β2 · · ·βp−2 and βi is defined as: β1 = σ−11 σ−12 · · ·σ−1p−1, βp−2 = σ1σ2 · · ·σp−1 and
for the remaining i
′s,
if i ≡ 1 (mod 4), βi = σ1σ−12 σ−13 σ−14 · · ·σ−1p−iσp−i+1 · · ·σp−1,
if i ≡ 2 (mod 4), βi = σ1σ2σ−13 σ−14 · · ·σ−1p−1σp−i+1 · · ·σp−1 and
if i ≡ 0 or 3 (mod 4), βi = σ−11 σ2σ−13 σ−14 · · ·σ−1p−iσp−i+1 · · ·σp−1.
By Theorem 3.1, Remark 1 and Lemma 3.2, the closure of
(µ1µ2 · · ·µpν1ν2 · · · νp)
n−2
2 µ1µ2 · · ·µpβ ∼ σ−11︸︷︷︸
1
σ1︸︷︷︸
2
σ−11︸︷︷︸
3
σ−11︸︷︷︸
4
σ1︸︷︷︸
5
· · · σ−11︸︷︷︸
p−2
is a trivial link.
Observe that the number of region crossing changes is n−22
(∑ p
2 +
∑ p−2
2
)
+
∑
(p2)+
∑
(p−42 )+
p
4 − 1 = np
2−2p
8 . Thus,
uR(K(p, np)) ≤ np
2 − 2p
8
. 
Theorem 4.9. For torus links K(p, np+ 3) with n ≥ 1
1. If p is odd, then
uR(K(p, np+ 3)) ≤ n(p
2 − 1)
8
+
⌊
p+ 1
3
⌋
.
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2. If p is even and n is odd, then
uR(K(p, np+ 3)) ≤ np
2 + 2p
8
+
⌊
p+ 2
6
⌋
.
3. If both p and n are even, then
uR(K(p, np+ 3)) ≤ np
2
8
+
⌊
p+ 1
3
⌋
.
Proof. Consider K(p, np+ 3) as the closure of (σ1σ2 · · ·σp−1)np+3 as in Figure 1(a). Then
Case 1. If p is odd, then the result follows from Theorem 4.2.
Case 2. If p is even and n is odd, then p+ 2 = 6m+a for some m ≥ 0 and 0 ≤ a < 6 and we select
the regions {(i−1)(p−1)2p+{X1, X2, · · · , X p
2
, ((p−1)(2p−1)+1)−{X1, X2, · · · , X p−2
2
}}}
n−1
2
i=1 , (n−
1)p(p − 1) + {X1, X2, · · · , X p
2
}, {(np + 2)(p − 1) − 2 − 6i}m−1i=0 . Then after making region crossing
change on these regions, we obtain
(µ1µ2 · · ·µpν1ν2 · · · νp)
n−1
2 µ1µ2 · · ·µp−1µpβ,
where µi = σ1σ2 · · ·σp−iσ−1p−i+1σ−1p−i+2 · · ·σ−1p−1, νi = σ−11 σ−12 · · ·σ−1p−iσp−i+1 · · ·σp−1 and β = σ−11 σ−12
· · ·σ−1p−1σg2,11 σg2,22 · · ·σg2,p−1p−1 σg3,11 σg3,22 · · ·σg3,p−1p−1 with g2,j = −1 for j = {{(p − 2), (p − 3)} − 6i}m−1i=0
and g3,j = −1 for j = {{(p− 3), (p− 4)} − 6i}m−1i=0 .
By Theorem 3.1 and Lemma 3.4, the closure of the resultant braid is a trivial link.
Observe that the number of region crossing changes is equal to (n−1)2 (
∑ p
2+
∑ p−2
2 )+
∑
(p2)+m =
np2+2p
8 + bp+26 c. Thus,
uR(K(p, np+ 3)) ≤ n(p
2 + 2p)
8
+
⌊
p+ 2
6
⌋
.
Case 3. If both p and n are even, then the result follows from Theorem 4.2. 
Lemma 4.1. The closure of the braid
σ−1i σ
−1
i−1σ
−1
i−2σ
−1
i−3︸ ︷︷ ︸
1
σ−1i+1σ
−1
i σ
−1
i−1σ
−1
i−2︸ ︷︷ ︸
2
σi+2σi+1σiσi−1︸ ︷︷ ︸
3
σ−1i+3σ
−1
i+2σi+1σi︸ ︷︷ ︸
4
σ−1i+4σ
−1
i+3σi+2σi+1︸ ︷︷ ︸
5
σi+5σi+4σi+3σi+2︸ ︷︷ ︸
6
σ−1i+6σ
−1
i+5σi+4σi+3︸ ︷︷ ︸
7
σi+7σi+6σi+5σi+4︸ ︷︷ ︸
8
is trivial link.
Proof. The proof follows elimentary braid relations.
Theorem 4.10. For torus links K(p, np+ 4) with n ≥ 1
1. If p is odd, then
(a) if p ≡ 1 or 3 (mod 8), then
uR(K(p, np+ 4)) ≤ n(p
2 − 1)
8
+
⌊p
2
⌋
.
(b) if p ≡ 5 or 7 (mod 8), then
uR(K(p, np+ 4)) ≤ n(p
2 − 1)
8
+
⌈p
2
⌉
.
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2. If both p and n are even, then
(a) if p ≡ 0, 2 or 6 (mod 8), then
uR(K(p, np+ 4)) ≤ np
2
8
+
p
2
.
(b) if p ≡ 4 (mod 8), then K(p, np) is not proper.
3. If p is even and n is odd, then
(a) if p ≡ 0 (mod 4), then
uR(K(p, np+ 4)) ≤ np
2
8
+
p
2
.
(b) if p ≡ 2 (mod 4), then K(p, np+ 4) is not proper.
Proof. ConsiderK(p, np+4) as the closure of (σ1σ2 · · ·σp−1)np(σ1σ2σ3)4σ4σ3 · · ·σ1σ5σ4 · · ·σ2 · · ·σp−1
σp−2 · · ·σp−4 as in Figure 1(b). Also, if p ≡ a (mod 8), then ∃ m ∈ N ∪ {0} such that p = mp+ a.
Then
Case 1. If p is odd, then
1. if p ≡ 1 (mod 8), then we select {{(i − 1)(p − 1)p + {X1, X2, · · · , X p−1
2
}}ni=1, np(p − 1) +
{6, 10, 12, 18, {24i+ {1, 3, 12, 18}}m−1i=1 }} regions.
2. if p ≡ 3 (mod 8), then we select {{(i − 1)(p − 1)p + {X1, X2, · · · , X p−1
2
}}ni=1, np(p − 1) +
{6, 10, 12, 18, {24i+ {1, 3, 12, 18}}m−1i=1 , 24m+ {3}}} regions.
3. if p ≡ 5 (mod 8) and m 6= 0, then we select {{(i−1)(p−1)p+{X1, X2, · · · , X p−1
2
}}ni=1, np(p−
1) + {6, 10, 12, 18, {24i + {1, 3, 12, 18}}m−1i=1 , 24m + {1, 3, 12}}} regions and if m = 0, then we
select {{(i− 1)(p− 1)p+ {X1, X2, · · · , X p−1
2
}}ni=1, np(p− 1) + {6, 10, 12}} regions.
4. if p ≡ 7 (mod 8) and m 6= 0, then we select {{(i−1)(p−1)p+{X1, X2, · · · , X p−1
2
}}ni=1, np(p−
1) + {6, 10, 12, 18, {24i+ {1, 3, 12, 18}}mi=1}} regions and if m = 0, then we select {{(i− 1)(p−
1)p+ {X1, X2, · · · , X p−1
2
}}ni=1, np(p− 1) + {6, 10, 12, 18}} regions.
Case 2. If both p and n are even, then
1. if p ≡ 0 (mod 8), then we select {{(i− 1)(p− 1)2p+ {X1, X2, · · · , X p
2
, ((p− 1)(2p− 1) + 1)−
{X1, X2, · · · , X p−2
2
}}}
n
2
i=1, np(p− 1) + {6, 10, 12, 18, {24i+ {1, 3, 12, 18}}m−1i=1 }} regions.
2. if p ≡ 2 (mod 8), then we select {{(i − 1)(p − 1)2p + {X1, X2, · · · , X p
2
, ((p − 1)(2p − 1) +
1)−{X1, X2, · · · , X p−2
2
}}}
n
2
i=1, np(p− 1) + {6, 10, 12, 18, {24i+ {1, 3, 12, 18}}m−1i=1 , 24m+ {3}}}
regions.
3. if p ≡ 6 (mod 8) andm 6= 0, then we select {{(i−1)(p−1)2p+{X1, X2, · · · , X p
2
, ((p−1)(2p−1)+
1)−{X1, X2, · · · , X p−2
2
}}}
n
2
i=1, np(p− 1) + {6, 10, 12, 18, {24i+ {1, 3, 12, 18}}m−1i=1 , 24m+ {3}}}
regions and if m = 0, then we select {{(i− 1)(p− 1)2p+ {X1, X2, · · · , X p
2
, ((p− 1)(2p− 1) +
1)− {X1, X2, · · · , X p−2
2
}}}
n
2
i=1, np(p− 1) + {6, 10, 12}} regions.
4. if p ≡ 4 (mod 8), then it is not proper follows from Theorem 2.1.
In all the above cases, after making region crossing changes the closure of the resultant braid is
trivial link by Theorem 4.1 and Lemma 4.1.
Case 3. If p is even and n is odd, then
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1. if p ≡ 0 (mod 4), then the result follows from Theorem 4.4.
2. if p ≡ 2 (mod)4, then the result follows from Theorem 2.1. 
Theorem 4.11. For torus links K(p, np+ 5) with n ≥ 1
1. If p is odd, and
(a) if p ≡ 0 or ± 1 (mod 5), then
uR(K(p, np+ 5)) ≤ n(p
2 − 1)
8
+ 3
⌊
p+ 1
5
⌋
.
(b) if p ≡ 2 (mod 5), then
uR(K(p, np+ 5)) ≤ n(p
2 − 1)
8
+
3p− 1
5
.
(c) if p ≡ 3 (mod 5), then
uR(K(p, np+ 5)) ≤ n(p
2 − 1)
8
+
3p+ 1
5
.
2. If both p and n are even, and
(a) if p ≡ 0 or ± 1 (mod 5), then
uR(K(p, np+ 5)) ≤ np
2
8
+ 3
⌊
p+ 1
5
⌋
.
(b) if p ≡ 2 (mod 5), then
uR(K(p, np+ 5)) ≤ np
2
8
+
3p− 1
5
.
(c) if p ≡ 3 (mod 5), then
uR(K(p, np+ 5)) ≤ np
2
8
+
3p+ 1
5
.
Proof. The proof directly follows from Theorem 4.2, Theorem 4.3 and Theorem 4.7. 
5. Conclusion
It would be interesting to extend the results obtained here to find exact region unknotting
number for torus knots/links. This seems to be a hard problem. In [2], Ayaka showed that
uR(K) ≤ c(K)/2 + 1, where C(K) is the number of crossings of the knot K. Here, the sharp
bounds provided for torus knots/links are much smaller than the upper bound c(K)/2 + 1. In par-
ticular, whatever be the case we considered in this paper, the upper bound we obtain, for uR(K),
lies between c/8 and c/5 and as p → ∞, the sharp upper bound provided tends to c/8. In case of
proper K(p, np) and K(p, np+ 1), we conjecture that the sharp upper bound provided in the paper
is equal to the region unknotting number for them.
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